In this paper, we present a survey of some variational problems in geometry of submanifolds, which includes our recent research results in geometry of rminimal submanifolds, geometry of Willmore submanifolds and variations of some parametric elliptic functional. We also propose some open problems at the end of paper.
Introduction
This paper is to present our recent research results about variational problems in geometry of submanifolds and divides into six sections. Now we describe in more detail some of the contents of this paper, where we refer to the papers for the explanation of notations and undefined terms.
The section 1 is the introduction. The section 2 is preliminaries and is devoted to some formulas and notations of submanifolds in geometry of submanifolds. In section 3 we present the first and second variational formula of the volume of n-dimensional submanifolds in an (n + p)-dimensional manifold N n+p . Besides, we give two important results of J. Simons. In section 4, we will recall our recent works in Ref. 4 . We introduce the functional J r = M F r (S 0 , S 2 , · · · , S r )dv g where function F r is a suitable function on M , and introduce the concepts of r-minimal submanifolds and stability. We study the stability of compact r-minimal submanifold in the unit sphere S n+p . In section 5 we give some facts (see Refs. 10, 16, 17) about variational problems of Willmore functional on submanifolds. In particular, we recall the Euler-Lagrange equa-tion of W (x) for an n-dimensional submanifold in an (n + p)-dimensional Riemannian manifold N n+p , give some typical examples of Willmore submanifolds and give integral inequality of Simons' type for n-dimensional closed Willmore submanifolds in S n+p . In section 6 we consider a variation problem concerning certain parametric elliptic functional and collect some results of B. Palmer and He-Li. We state integral formula of Minkowski's type 8 and new characterizations of the Wulff shape.
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Preliminaries
Let(N n+p , h) be an n + p-dimensional oriented smooth Riemannian manifold, and x : M n → N n+p be an n-dimensional submanifold of (N n+p , h). We will agree on the following index convention:
Let{e A } be a local orthonormal basis for T N n+p with dual basis {θ A } such that when restricted to M n , {e i } is a local orthonormal basis for T M and {e α } is a local orthonormal basis for the normal bundle of x : M n → N n+p . Let {ω AB } be the connection forms of (N n+p , h), they are characterized by the following structure equations
whereR ABCD are the components of the Riemannian curvature tensor of (N n+p , h). Now we restrict to a neighborhood of x : M n → N n+p . Let θ A , θ AB be the restrictions of ω A , ω AB to M n , then we have
Taking its exterior derivative and by (1) we get
By Cartan's lemma we have
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We can define the second fundamental form B ij and the mean curvature vector H of x as follows
2 and H = |H| be the norm square of B and the mean curvature of x : M n → N n+p , respectively. If we denote by R ijkl , R ij , R the Riemannian curvature tensor, Ricci curvature and scalar curvature of M , respectively. We have Gauss equations, Ricci equations and Codazzi equations as followings (see Refs. 3,10)
where h 
3. Minimal submanifolds in a Riemannian manifold
n+p , we assume, without loss of generality, that M is compact with (possibly empty) boundary. If otherwise, we will consider the variation with compact support.
Let x : M ×R → N n+p be a smooth variation of x 0 such that x(·, t) = x 0 and dx t (T M ) = dx 0 (T M ) on ∂M for each small t, where x t (p) = x(p, t). Let V (t) be the volume functional of x t (M ), i.e.
We have (see Refs. 3,21)
where α a α e α is the normal variation vector field.
we call M be a minimal submanifold.
Proposition 3.1 (Refs. 3, 27) . Example 3.1 (see Refs. 1,13). Clifford tori:
Theorem 3.2 (Refs. 1, 13, 27) .
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In particular, if
then either S ≡ 0 and M is totally geodesic, or S ≡ n 2 − 1/p . In the latter case, either p = 1 and M is a Clifford torus C m,n−m ; or n = 2, p = 2 and M is the Veronese surface.
r-minimal submanifolds in a space form
We recall the definition of the generalized Kronecker symbols. If i 1 , · · · , i r and j 1 , · · · , j r are integers between 1 and n, then δ i1···ir j1···jr is +1 or −1 according as the i ′ s are distinct and the j ′ s are an even or odd permutation of the i ′ s, and is 0 in all other cases. Let (M, g) be an n-dimensional submanifold in an (n + p)-dimensional space form R n+p (c), and B be the second fundamental form of M . Suppose {e i } is a local orthonormal basis for T M with dual basis {θ i } and {e α } is a local orthonormal basis for the normal bundle of x : M n → R n+p (c), (B ij ) is the matrix with respect to the frame {e 1 , · · · , e n } on M . Then for any even integer r ∈ {0, 1, · · · , n − 1}, we introduce r-th mean curvature function S r and (r + 1)-th mean curvature vector field S r+1 as follows (see Refs. 4,5,25,26:
where n r being the binomial coefficient. Besides, we define the following (0, 2)-tensor T r for r ∈ {1, · · · , n − 1}:
• If r is even, we set
• If r − 1 is odd, we set
Assume that r is even and r ∈ {0, 1, · · · , n − 1}, , in Ref. 4 the authors introduce a curvature integral J r for r even and r ∈ {0, 1, · · · , n−1}
where the function F r are defined inductively by
Theorem 4.1 (Ref. 4 , the first variational formula). Let M be an ndimensional compact, possibly with boundary, submanifold in an (n + p)-dimensional space form R n+p (c) . Assume that r is even and r ∈ {0, 1, · · · n − 1}, then we have
where V is the variational vector field. . Let M be an n-dimensional compact r-minimal submanifold in R n+p (c) for some even integer r ∈ {0, 1, · · · , n − 1}, we have 
Theorem 4.4 (Ref. 4).
Assume that r is even and r ∈ {1, · · · , n − 1}. If S r ≥ 0, then any closed stable r-minimal hypersurface in unit sphere S n+1 must be a geodesic sphere.
Willmore submanifolds in a Riemannian manifold
Let N n+p be an (n + p)-dimensional Riemannian manifold and x : M → N n+p an isometric immersion of an n-dimensional Riemannian manifold M . Willmore functional is the following non-negative functional:(see Refs. 2,24 or Ref. 28 )
where S = 
whereR ABCD are the components of the Riemannian curvature tensor of (N n+p , h).
In particular, when N n+p = R n+p (c), we have 
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, where n = n 1 + · · · + n p+1 and a i are defined by
Furthermore, W n1,··· ,np+1 is a minimal submanifold in S n+p (1) if and only if it is Einstein with
Example 5.4 (Refs. 6,16,17). Willmore tori:
are Willmore hypersurfaces in S n+1 (1).
Example 5.5 (Ref. 11).
Define the Lagrangian sphere Ψ :
).
Then Ψ is a Lagrangian Willmore submanifold. We call Ψ as the Lagrangian Willmore sphere. We note that when n = 2, Ψ is Whitney sphere Theorem 5.3 (Refs. 16, 17) . Let M be an n-dimensional (n ≥ 2) closed Willmore submanifold in (n + p)-dimensional unit sphere S n+p . Then we have
192 H. Li
then either ρ 2 ≡ 0 and M is totally umbilic, or ρ 2 ≡ n 2−1/p . In the latter case, either p = 1 and M is a Willmore torus W m,n−m ; or n = 2, p = 2 and M is the Veronese surface.
For n = 2, the following result was proved by Li 18 (also see Li-Simon 19 )
Theorem 5.4 (Refs. 18, 19) . Let M be a closed Willmore surface in an
then either ρ 2 = 0 and M is totally umbilic, or ρ 2 = 4 3 . In the latter case, p = 2 and M is the Veronese surface. 2 )dv for submanifold x : M n → S n+p and get an integral inequality of Simons' type.
Variations of Some Parametric Elliptic Functional
Let F : S n → R + be a smooth function which satisfies the following convexity condition:
where D 2 F denotes the intrinsic Hessian of F on S n and 1 denotes the identity on T x S n , > 0 means that the matrix is positive definite. We consider the map
its image W F = φ(S n ) is a smooth, convex hypersurface in R n+1 called the Wulff shape of F (see Refs. 8, 9, 12, 22) .
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Now let X : M → R n+1 be a smooth immersion of a compact, orientable hypersurface without boundary. Let ν : M → S n denotes its Gauss map, that is, ν is an unit inner normal vector of M .
Let
S F is called the F -Weingarten operator, and the eigenvalues of S F are called anisotropic principal curvatures. Let σ r be the elementary symmetric functions of the anisotropic principal curvatures λ 1 , λ 2 , · · · , λ n :
We set σ 0 = 1. The r-anisotropic mean curvature M r is defined by M r = σ r /C 
By use of above integral formulas of Minkowski type, we prove the following new characterizations of the Wulff shape:
n+1 be an n-dimensional closed hypersurface, F : S n → R + be a smooth function which satisfies (6.1), and M 1 = const and X, ν has fixed sign, then up to translations and homotheties, X(M ) is the Wulff shape.
n+1 be an n-dimensional closed hypersurface, F : S n → R + be a smooth function which satisfies (25) . If M 1 = const and M r = const for some r, 2 ≤ r ≤ n, then up to translations and homotheties, X(M ) is the Wulff shape.
n+1 be an n-dimensional closed convex hypersurface, F : S n → R + be a smooth function which satisfies (6.1). If Mr M k = const for some k and r, with 0 ≤ k < r ≤ n, then then up to translations and homotheties, X(M ) is the Wulff shape.
For each r, 0 ≤ r ≤ n, we set
Suppose σ r is positive on M , and consider those hypersurfaces which are critical points of the functional A r restricted to those hypersurfaces with the same A r−1 , where r ≥ 1. By a standard argument involving Lagrange multipliers, this means we are considering critical points of the functional
where Λ is a constant. In Ref. 9 the authors show that the Euler-Lagrange equation of F r;Λ is:
(r + 1)σ r+1 + Λrσ r = 0.
So the critical points are just hypersurfaces with M r+1 /M r = const. We call a critical immersion X stable if and only if the second variation of A r (or equivalently of F r;Λ ) is non-negative for all variations of X preserving A r−1 . We have the following theorems. At the end of this paper, we would like to propose the following open problems: Problem 1. Assume that r is even and r ∈ {2, · · · , n − 1}. Is any closed stable r-minimal hypersurface in unit sphere S n+1 a geodesic sphere?
Problem 2. Let x : M → S n+1 be a n-dimensional Willmore hypersurface ρ 2 =constant, is the value of ρ 2 the discrete?
Problem 3. Is any topological sphere in R 3 with constant anisotropic mean curvature the Wulff shape? Problem 4. Is any n-dimensional (n ≥ 2) closed embedded hypersurface in R n+1 with constant anisotropic mean curvature the Wulff shape?
